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Abstract

In this paper we describe some computational experiments carried
out with variants of the “PageRank” model due to Page et al. In
particular we study the effect of exploiting the numerous small-scale
substructures which appear repeatedly in the enormous web graph,
and the use of an equation-solving approach rather than the eigensys-
tem calculation presently favored. We also examine these algorithmic
variations in the light of the large-scale (“bow bie”) structure of the
web, and their implications for faster solution using partitioning and/or
parallel procedures.
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1 Introduction

This paper describes some algorithmic approaches to “PageRank” compu-
tation and gives experimental results for some of these approaches. We do
this in the context of seeking efficient methods which exploit both the small



scale and large scale structure of the web and which will scale well as the
web expands even beyond its present enormous size.

The concept of PageRank, due to Page[19] and Page et al.[20] has proved
extremely successful in practice, and it is not our intention to discuss the
merits of the concept, discussed extensively in these and other references
(e.g. Chakrabarti et al.[5] and Henzinger[12]). Our main concern is with the
computational results of a series of experiments with variants of PageRank
computation, carried out on a subset of the WWW with about 18 million
nodes.

We begin by studying the convergence rate of the traditional iterative
approach to PageRank computation, for various parameters. The conver-
gence is slow enough to cast doubt on this well-established technique—after
performing a fairly significant number of iterations of this computationally
intensive operation (50), the average error per page is roughly 50% of the
value of that page. In response, we study the reason for the slow conver-
gence, which yields a characterization of the repetitive small-scale structure
in the web graph. We show that web sites have connectivity properties with
other web sites that allow fast convergence of PageRank-style algorithms,
and that the network of linkages between sites is in some sense optimized
for effective browsing. On the other hand, the structure within individual
web sites is limiting from the perspective of PageRank, as well as from the
perspective of an individual attempting to browse and discover the pages on
the site.

Having understood the reason for slow convergence of the naive ap-
proaches used thus far, we evaluate more sophisticated approaches. We
report results of experiments which compare an equation-solving procedure
with the more conventional eigenvector calculation on this sample, and in-
dicate the possibility of more efficient solution.

We then consider these results in the light of recent work on the large
scale structure of the web - the “bow tie” structure described by Broder et
al.[4]. We see that this structure is eminently exploitable to take advantage
of the computational variants we have considered. We develop a partitioning
approach to reduce the problem size, and show that this approach can be
expected to result in significant savings.

The remainder of the paper is structured as follows. In Section 2, we give
an overview of the necessary background, including PageRank, eigenvector
computations, and graph theory. In Section 3 we study power iteration, and
present our findings on the graph theoretical reasons for slow convergence
of this method. In Section 4 we approach the problem as a system of equa-
tions rather than as an eigenvector computation and show faster convergence



rates. Next, in Section 5 we give a decomposition of the problem prompted
by the bow tie structure mentioned above, and show that the decomposition
can result in significant savings. Finally, in Section 6, we conclude.

2 Mathematical Formulation

In this section, we give enough of an overview of graph theory, eigenvector
computations, and PageRank to make the paper self-contained.

2.1 Definitions from Graph Theory

We treat the HTML “points-to” relation on web pages as a directed graph,
and represent it by two sets: G = (V,E). The set V of vertices consists
of the n pages, and the set F of edges consists of the directed hyperlinks
between pages—the directed edge (i,j) exists if and only if page i has a
hyperlink to page j. For convenience, we define d; as the out-degree of page
1; that is, the number of hyperlinks on page i. We also define a strongly
connected component of G to be a subset V! C V of the vertices such that
for all pairs of pages 4,7 € V', there exists a directed path from i to j in
(V',E). Intuitively, a strongly connected component is a set of pages each
of which can reach all the rest, by following hyperlinks, without visiting
pages outside the set. Finally, we will refer to a largest strongly connected
component of a graph as SCC.

2.2 Definitions from Linear Algebra

For any n x n matrix M, the scalars A and vectors z satisfying Mz = Az
are called the (right) eigenvalues and eigenvectors respectively of M. There
may be up to n distinct eigenvalues (and corresponding eigenvectors). Left
eigenvalues p and eigenvectors v may analogously be defined, satisfying!
pol = vTM. A principal eigenvalue of a matrix is an eigenvalue whose
magnitude is maximal over all eigenvalues; a principal eigenvector is an
eigenvector corresponding to a principal eigenvalue.

Now, recall that a Markov chain is simply a set of states and a set of
transition probabilities—from any state, there is a probability distribution
describing which state the chain will visit next. See [9] for more details
about Markov chains.

An n x n matrix M is (row) stochastic if all entries are non-negative and
the entries of each row sum to 1. Such a matrix can be thought of as an

'We write v” instead of v to imply that we consider a row vector, for convenience.



n-state Markov chain in which m;; is the probability of transitioning to state
7 when the chain is in state ¢. The condition that all entries be non-negative
is simply the requirement that probabilities be non-negative. The condition
that each row sum to 1 is simply a rephrasing of the requirement that from
any particular state of the Markov chain, the next state must be described
as a probability distribution. Let the current state of the Markov chain be
given by some vector v7 with non-negative entries summing to 1. The 3t
entry of this vector is therefore the probability that the Markov chain is
currently in state . Then the next state of the chain can be computed from
the current state v’ as v M.

If the Markov chain is in a steady state then taking another step does not
change the state; that is, v = vT M. We see that the vector vT is a (left)
eigenvector of M corresponding to the eigenvalue 1. Stochastic matrices
always have a maximal (principal) eigenvalue 1; therefore, the steady state
of a Markov chain corresponding to a stochastic matrix M is simply the
principal (left) eigenvector of M.

2.3 PageRank and Static Ranking

PageRank is a static ranking of web pages initially presented in [19], and
used as the core of the Google search engine (http://www.google.com). It
is the most visible link-based analysis scheme, and its success has caused
virtually every popular search engine to incorporate link-based components
into their ranking functions.

We begin with a definition of static ranking schemes. The simplest im-
plementation of a static ranking scheme for web search is the following. All
pages to be indexed are ordered from best to worst—this ordering is the
“static ranking” itself. When a query arrives, and some fixed number of
pages (say, 10) must be returned, the index returns the “best” 10 pages that
satisfy the query, where best is determined by the static ranking. This sim-
ple scheme allows highly efficient index structures to be built. The scheme
can then be augmented by incorporating other parameters.

None of the descriptions of PageRank calculation we have seen (e.g [5],
[12], [19],[20]) are completely consistent in detail, but the general approach
is clear enough. We define a matrix P such that?

?Some descriptions allow for multiple links between i and j by defining p;; = n;/d;,
where n; is the number of links from ¢ to j. We make the simplifying, but non-essential,
assumption that such multiple links are coalesced, and that all n; = 1.



0 otherwise Hy =1

_{ d' if(i,j) € E
bij =

If we assume an imaginary web surfer visiting a particular page follows
each link on the page with equal probability, then the matrix P corresponds
to a Markov chain model of the motion of this surfer through the web graph.
This follows since p;; then represents the transition probability that the
surfer in state 7 (at page 1) will move to state j (page 7). If we let x; be the
probability that the surfer is in state ¢ then by elementary theory (see e.g.
[9]) for any initial vector = representing a distribution over possible locations
of the surfer:

2T PF 0T as k — oo

where v is the vector of probabilities representing the steady state of the
system, with v7 = vT P, as discussed in section 2.2.

The matrix P is said to be reducible if the surfer can get “trapped” in
one section of the web; or more formally, if P can be permuted to the form:

( Py, 0 ) (1)
Py Py

where the upper right partition is all zeros. It is easy to see that the values
of v; corresponding to the partition Py are all zero, and so the surfer will get
“trapped” in Pj;. Particular, and frequent, examples of this phenomenon
on the web are pages with zero out-degree, in which case we have p;; = 1
(and p;; = 0 for j # 4). In Markov chain terminology, these are absorbing
states.

Let us now consider the “ideal” definition of PageRank[19]—that is page
i has rank z; as a function of the rank of the pages which point to it:3

xT; = Z d;lilij (2)
(J)eE’
where the set of edges E' is the set E with any self loops removed, and the
out-degrees d; modified if necessary to account for this.
This recursive definition gives each page a fraction of the rank of each
page pointing to it—inversely weighted by the number of links out of that
page. We may write this in matrix form as:

z = Az (3)

3This definition is often interpreted to mean that the “importance” of a page depends
on the importance of pages pointing to it.




or
r=BD 'z (4)

where D = diag(di,...,d,) and B is a zero-one matrix with entries:

1t eE
bij = { 0 otherwise b =1smm (5)

Note that A = BD~! is the transpose of the transition probability matrix
P. At this point we also note that P excludes any self-loops in the web
graph (other than those of absorbing states) from any kind of page ranking
calculation, as they confer spurious PageRank.

We now have 3 very closely related, but distinct representations of the
web:

e The directed web graph G = (V, E).
e The transition matrix P

e The coefficient matrix A of the equations defining the ideal PageRank
computation.

All three of these representations are useful in discussing PageRank cal-
culations, but it is also important to keep them distinct—in particular to
remember that the coefficient matrix A is the transpose of P, not P itself,
while self-loops, and perhaps other forms of “spam” in G, are ignored.
Now, let us look at the ideal model (3). The PageRank vector z is clearly
the principal eigenvector corresponding to the principal eigenvalue (with
value 1) if this is nonzero (see e.g. [10]). Unfortunately, the real structure
of the web, with many pages having zero in-degree (and others with zero
out-degree) means that the transition matrix will have the structure (1)—in
fact will be even more highly reducible—and hence the coefficient matrix A

will have the structure:
A An
( o (6

and the eigenvector corresponding to the principal eigenvalue 1 will contain
a great many zeros.
To get around this difficulty, Page[19] proposed an “actual PageRank
model”:
zi=(l-a)+a Y d;lxj Vi (7)
(J)eE’



or in matrix terms:
z=(1-a)e+adz (8)

where e is the vector of all 1’s, and @ (0 < @ < 1) is a parameter. Unless
stated otherwise we use a value of 0.9 for a, but Page et al [20] report using a
value of 0.85. This modification clearly overcomes the problem of identically
zero PageRank—we may think of (7) as “seeding” each page with a rank of
(1-a).

Page et al[20] and Chakrabarti et al[5] then proceed to obtain an analo-
gous eigenvalue problem again, as follows. Let us suppose that in addition
to following links out of a page with probability p;; a surfer makes a “ran-
dom jump” every so often to some other page with uniform probability
1/n. Let us suppose the surfer follows some link with probability o and
makes the random jump with probability (1 — «). For convenience, we de-
fine M = (1 — @)E/n + aA, where E is ee”, the matrix of all 1’s. Then the
modified transition probabilities are given by M, and the actual PageRank
calculation becomes in matrix form:

z =Mz (9)

With minor variations (e.g. excluding a random jump from a page to
itself), this seems to be the standard model. It can be solved by application
of the Power Iteration method (see [10]) as discussed in the next section.

It is easy to show that solving (8) and (9) are equivalent. If we scale the
eigenvector obtained from (9) so that elz = n we immediately obtain (8).
Conversely, taking any solution z of (8) and noting that e’ A = e!', we see
that ef'z = n and (9) follows.

Two observations are appropriate here. Firstly, much of the reformula-
tion is necessary because of special small-scale structure in the web graph—
zero in-degree and out-degree nodes in particular. Secondly, although we
can preserve actual PageRank computation as an eigenvalue calculation,
this can equivalently be accomplished by the solution of linear equations.

3 Power Iteration

As indicated in section 2, the PageRank computation is equivalent to com-
puting the principal eigenvector of the matrix M = (1 — a)E/n + oA, as
defined above. Power iteration is the most straightforward technique for
computing the principal eigenvector of a matrix, and the technique com-
monly used to compute PageRank. In this section, we study the compu-



tation of PageRank using power iteration. We also provide characteriza-
tions of the microscopic structure of the web to explain the convergence
properties of power iteration. These characterizations have implications for
the problem of uniformly sampling web pages using random walks over the
webgraph—currently the best known technique for generating uniform sam-
ples of webpages [13, 1, 14, 2].

In power iteration, an arbitrary vector is repeatedly multiplied with the
given matrix until it provably converges to the principal eigenvector. The
power iteration algorithm for PageRank computation is given below:

1. s + arandom n X 1 vector, typically e,.
2. 7+ M x s.
3. If [|[r — s|| < ¢, end. 7 is the PageRank vector.

4. s < r. Goto step 2.

3.1 Implementation Issues

Implementation of this algorithm raises many system issues. The goal of
this paper is not to give a detailed description of these issues; the inter-
ested reader is referred to [11]. Given the scale of the web, it is obvious
that neither the vectors r, s nor the matrix M can be assumed to fit in the
memory. So we have to use secondary memory techniques for implementing
the matrix product of step 2 and the error computation of step 3 of the
power iteration. Note that although the matrix M is “dense”, one need not
explicitly materialize it. We can efficiently implement M x s using equa-
tion (8), which involves multiplication using the sparse matrix A. In [11],
it is discussed how one can implement a sparse matrix vector multiplication
using a “nested loop join” like technique.

3.2 Convergence of Power Iteration

Theoretically, the convergence of power iteration for any given matrix de-
pends on the eigenvalue gap, the difference in the moduli of the largest two
eigenvalues of the matrix. The larger the eigenvalue gap, the faster the con-
vergence of power iteration. The eigenvalue gap for stochastic matrices also
has a neat graph theoretic characterization in terms of ezpanders[18]. With-
out giving precise definitions, a graph is an expander if the neighborhood of
every subset of nodes of the graph is greater than some multiple of the size of
the subset. Expanders have the desirable property that the power iteration



converges quickly to the stationary state—in our case the PageRank. Thus
stochastic matrices that have a large eigenvalue gap correspond to expander
graphs and vice versa. If the webgraph were an expander, power iteration
would converge quickly. In subsequent sections we study the convergence of
the PageRank computation in practice and examine the structural insights
that these experiments have to offer.

3.3 Power Iteration Experiments

The experiments described in this and the following sections were done us-
ing a snapshot of the webgraph, crawled in 1998, available at the Stanford
WebBase repository [15]. The webgraph contains around 25 million URLs
and around 250 million links between these URLs. The largest strongly
connected component (SCC) in this webgraph, with about 15 million pages,
was used for all the experiments. As shown in [4] the largest strongly con-
nected component forms a significant fraction of the entire web. We restrict
our attention to the SCC because it allows experimentation with all possible
values of a including a = 1. In the following experiments, the vector s of
the power iteration was initialized to a vector of all 1s.

A common measure of convergence for power iteration is the norm of the
residual vector, which is the difference of two successive vectors generated
by the power iteration. We consider two different norms, the Ly norm
l|v|l2 = (X; 03)1/2 and the Ly norm ||v||sc = max; |v;|. Note that this error
measure is not the same as the absolute error—the difference between the
principal eigenvector (that we are trying to compute) and the current vector.
In section 4 we measure convergence with respect to absolute error.

Figure 1 shows the convergence of power iteration for a = 0.99 with
respect to the Ly norm. The Figure 2 shows the same in log scale as one
of the 4 curves.

One can easily see that the convergence of power iteration is very slow
(although it is rapid in the first few iterations). After about 50 iterations, the
L error is about 2800. Thus the average error per page (there are around 15
million pages) is approximately 0.5—unacceptably high as a fraction of the
average PageRank per page, 1.0. Moreover, from the Lo, error we observe
that there exist pages whose PageRank changes (within one iteration) by
as much as 2000. This clearly suggests that the convergence of the power
iteration is very slow for values of « close to 1. Indeed, for the case a =1,
the “ideal PageRank”, the power iteration practically stops converging after
about 40 iterations. Thus we observe that the entire webgraph is not a good
expander. This suggests that a plain power iteration is likely to be laborious
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Figure 1.
Convergence of PageRank for power iteration with o = 0.99

for PageRank computation. We study more sophisticated linear algebraic
techniques in section 4.

We consider next the effect of the parameter o on power iteration. Fig-
ure 2 shows the log of the error after each power iteration for various values
of of a.

Figure 2 clearly shows that the parameter o plays an important role in
the convergence of power iteration. The power iteration converges much
faster for smaller values of «. Intuitively, this is what we might expect
from the definition of the expander graph. A small value of « implies that
the random surfer would make more random jumps, the effect of which is
to implicitly add more “edges” out of each subgraph (corresponding to the
random jumps). However, using a smaller value of « has implications on
the quality of the PageRank ranking scheme. Intuitively, by making random
jumps more often we are using less information in the links. As an extreme
case, consider what happens when o = 0.

Alternately, one can consider the effect of « as follows. In the “web
surfer” interpretation of PageRank, the surfer follows an outlink with prob-
ability «, and jumps uniformly to a random location with probability 1 — a.
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Convergence for four different values of o

Thus, the expected number of steps until a uniform jump is 1/(1 — «). As
alpha decreases, this value drops rapidly—with « = 0.8, for instance, the
expected path length is 5. By elementary probability, the number of paths
that will be significantly greater than this expectation is small. Therefore,
for small «, the actual PageRank model, far from approximating the prin-
cipal eigenvector of matrix A, behaves like a random walk of five steps from
the uniform distribution. Clearly this walk is straightforward to compute.
We therefore expect the behaviour of Figure 2, in which a decrease in « has
a significant and analytical impact on convergence.

3.4 Convergence properties of the SCC

The above experiments suggest a picture of connectivity in the SCC. The
rapid convergence during early rounds starting from the uniform distribu-
tion suggests that most regions of the graph have good expansion and allow
the system to move rapidly towards steady state. However the slow conver-
gence of the process with values of « close to 1, after the first few rounds,
suggests that there are regions of the SCC that cause the power iteration to
“bog down.” We wish to understand the nature of these regions to explain

11



and perhaps improve the performance of power iteration. Further, given
that surfing is a common and important approach to web exploration, we
also wish to understand the sociological implications of these self-contained
regions of the graph.

We can naturally partition the graph into links inside web sites, and
links across web sites, and then ask whether either set of links in particular
is responsible for the slow convergence. To answer this question, we consider
the convergence of power iteration on the host graph, in which each vertex
corresponds to an entire web site. Any edge between pages in different
sites is represented as an edge between the corresponding site vertices in
the host graph. We consider two variants: in the first we allow multiple
edges between sites if multiple pages on one site contained links to the
same destination site. In the second, we collapse all such hyperlinks into a
single edge. Figure 3 shows the convergence of power iteration for these two
variants of the hostgraph against the convergence for the entire SCC. The
error values are normalized for comparison purposes.
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L_2 Error
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Figure 3.
Convergence of Host graph vs web graph

Note that the error measure in Figure 3 is plotted in log scale. Clearly,
error rates are orders of magnitude smaller in the host graph than in the

12



whole SCC. Furthermore, using ARPACK]|17], we were able to compute
numerically the second eigenvalue of the host graph, which is 0.9896. Thus,
the eigenvalue gap is larger than 1%, implying quite rapid convergence. On
the other hand, the eigenvalue gap for the SCC was too small for us to
complete computation of the second eigenvalue in reasonable time, as we
might have expected from the extremely slow convergence rates of power
iteration previously observed.

Thus, connectivity between web sites is strong and robust. In fact, be-
cause expander graphs have logarithmic diameter, a surfer jumping from
site to site could arrive at any site of interest within a few steps. However,
once we shift from the granularity of the host graph back to the granularity
of the web graph itself, the complex structure within individual sites causes
the surfer to become “stuck” within a local region.

Certainly, the majority of web sites do not contain such “surfer traps,” so
the remaining problem is to identify particular sites that slow convergence,
and deal with them using special-purpose techniques. Our initial attempts
along this line have been promising, but we do not have conclusive evidence.

We now turn to alternate techniques for improving the performance of
naive computations of PageRank.

4 Eigensystem or Equations?

We think it is probably fair to say that, all other things being equal, most
numerical analysts would prefer to solve a set of equations rather than find
an eigenvector. While the conventional method of computing page rank has
involved finding the eigenvector specified by (9), we might equally well con-
sider solving the set of equations (8), which we can write more conventionally
as:

(I—ad)r=(1—-a)e (10)

For very large sparse matrices there are a large number of iterative solution
methods (see e.g. [10], [22]), some of which we might hope would converge
more quickly than the power method for eigenvectors.

We have experimented with two iterative methods, and rather unsystem-
atically with a third, comparing the convergence with the power method for
(9). Our first experiment used the simple Jacobi iteration for solving (10),
where denoting the rank vector at each iteration k by z(*) we compute:

:I?gk_H) =(l-a)+a Z aijxg-k) Vi (11)
(Ji)eE’

13



Note that this is very similar to the power iteration step,

1 _ n
:z;z(-kﬂ) = 7( - @) ngk) +a Z aija:;k) Vi (12)

i=1 ()EE!

and indeed when we start both processes with the initial iterate (9 = e
(all 1’s), then the first step will be identical. Since the matrix is (column)

(k)

stochastic then this should continue in subsequent iterations as }_; z;" will
remain constant, ignoring rounding error, and we observe this to be the case
in practice. However, we are not restricted to using the Jacobi iteration.

The next obvious step is to use the Gauss-Seidel iteration:

k+1 k+1 k .
:cg+):(1—a)+a2aijx§-+)—I—aZané) Vi (13)
J<i j>i
which uses the most recent values xg-kﬂ) wherever possible. To illustrate the

advantage of this method we plot the convergence of the two methods using
the sample 15 million node SCC of the previous sections. In this experi-
ment we first computed the eigenvector (for @ = 0.9) using the ARPACK
software[17] to full single precision accuracy—where the eigenvector is nor-
malized so that ||z||o = 1. We then ran the Power Iteration and Gauss-Seidel
methods, at each step computing the deviation of the current iterate z(*)
from the ARPACK solution z, by normalizing (%) so that ||z*)||, = 1, and
then evaluating ||z(¥) — z||. The results are shown in Figure 4.

The Gauss-Seidel method clearly converges much faster than the Power
or Jacobi methods.

We also experimented with the well known “Successive Over-Relaxation”
(SOR) method, which uses a relaxation parameter w and iterates:

a:Z(kH) =w{(l-a)+ ozz aijmg-kH) +a Z aijacg-k)} +(1- w):cz(-k) Vi (14)
j<t j>i

We found that values of w greater than 1 degraded convergence quite sig-
nificantly, and values less than 1 (we tried 0.9 and 0.8) produced minor
degradations. Without more sophisticated analysis, it appears that SOR
has little to offer over Gauss-Seidel in this application. However, we have
barely begun to investigate whole classes of promising iterative methods
for solving large sparse systems of linear equations—including, for example,
conjugate gradient or Lanczos methods (see [10]).

The idea of equation-solving for PageRank appears to have significant
computational advantages, and few disadvantages, when considered in iso-
lation. We shall see in the following section that it has even more significant
advantages for the larger picture.

14
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Logarithmic convergence of PageRank for Power Iteration
and Gauss-Seidel with o = 0.9

5 Large Scale Structure of the Web and its Impli-
cations

So far we have considered only small-scale structure of the web graph and its
associated matrices. When we consider the large-scale structure of the web,
the arguments for using an equation-solving approach become even stronger.
As is now well known, the graph structure of the web may be characterized
by the “bow tie” (see Broder et al[4])
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permutation) a structure on our matrix A:

O Aos Aor Aog
S Asy
A= 1
T Am (15)
A

Q

(with Z not to be confused with the unit matrix).
This structure is a special case of a more general “block upper triangular”
matrix:

A A Az ... An
Ay Aoz ... Ay

A= A33 . A3N (16)
AnN

and indeed we may view the bow tie as a visual model which captures some,
but by no means all, of the structure which can be extracted from the matrix
A.

The pictorial representation of the bow tie above is in fact somewhat
idealized, and does not quite cover all the cases compatible with the essential
features of the bow tie - the IN, SCC, OUT and tendril subgraphs, with the
essential property that no directed path exists from OUT to IN. There may
however be edges (links) which are not shown, but which preserve the general
structure. For example, there might be links directly connecting nodes in
the OUT tendrils to nodes in the IN tendrils. We see immediately that
such edges would correspond to non-zeros in the Apg submatrix in (15)
which is all zero in the ideal bow tie case. The reader can easily verify
that we could allow directed edges between any pair of the subgraphs that
correspond to empty (zero) partitions above the diagonal in (15). However,
any edge corresponding to a position below the block diagonal (or more
precisely which cannot be permuted to a position on or above it #) destroys
the structure, in the sense that it requires a redefinition of the IN, OUT and
SCC components.

“For example an edge from 7 to Q clearly does not introduce any path from O to Z
or § and we see that interchanging the rows and columns corresponding to blocks 7" and
Q restores block triangularity. Alternatively, we may reclassify the pointed-to node in Q
as being in T

17



There may also be nodes (pages) which do not fit into any of the sub-
graphs previously defined. These anomalous nodes are still part of the
weakly connected main component, but may only be connected to the bow
tie components already identified by edges directed out from Q and/or by
edges directed in to P. These anomalous nodes may however be connected
among themselves arbitrarily. This new subgraph of anomalous nodes can
then form a new diagonal block (or blocks) on the diagonal somewhere
between P and Q in (15). Given the possibilities, it seems best then to
concentrate on the more general structure (16).

The structure (16), where each diagonal block is irreducible (correspond-
ing to a strongly connected component of G), may be extracted by Depth
First Search (DFS), e.g. Tarjan’s algorithm [21] (see also [7], [8]), which
may find a very large number of diagonal blocks - indeed every “dead-end”
page with no outlinks corresponds to a degenerate 1 by 1 diagonal block.
The largest diagonal block corresponds to the SCC, and this is the only
really efficient way that we know of to find it. We may therefore consider
the finding of the entire detailed block structure (16) equivalent to the work
involved in just the first step of finding the SCC for the bow tie.

At this point it is appropriate to mention the following properties of the
DFS approach to finding the block triangular structure:

1. The DFS method is linear in the size of A. More precisely it is linear
in the number of nodes plus number of edges. Thus we expect the
DFS process to take about the same time as an iteration (or a few
iterations) of the iterative methods we have discussed for the whole
matrix A.

2. The number of strong components found will in general be very large.
For efficiency and manageability we should aggregate many of the
adjacent smaller diagonal blocks, so that the A; are as few in number
as will permit them to each fit in memory, whenever possible, for
reasons we shall see below.

3. The actual partitioning of A is also a linear process, requiring only a
single pass of the matrix.

The block triangular structure has obvious possibilities for parallel processing—
whether we seek an eigenvector by the power method or are solving a system
of equations—with submatrices being assigned to processors and passing
submatrix-vector multiples to build up a complete matrix-vector product
for, e.g., power iterations or Jacobi. The situation becomes slightly more
complicated, but still straightforward for Gauss-Seidel.
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When an equation solving method is used we have an opportunity to use
not only parallelism but, quite independently, to use partitioning. While
the eigenvector calculation must be rescued by the notional random jumps,
which produce a fully dense matrix in (9) we are free to fully exploit the
structure in (15), or more generally (16). Conformably partitioning x with
the matrix so that

T:(TTT T)

T 1,25 ,T3,--, TN

equation (10) can be solved by solving a sequence of smaller problems, (see
[8])beginning with:

(I — aANN)l'N == (1 — 04)6 (17)
followed by:
(I — O(AN_1,N_1):EN_1 = (1 — a)e + OtAN_LN.’ENN (18)

leading to the general step:

N
(I —ady)z;,=(1—a)e+ Z Aijxj (19)
j=i+1

fori=N,...,2,1.

Note that using this partitioning approach, there is still some oppor-
tunity for parallelism (e.g. in computing the off-diagonal matrix vector
products A;;z;), and that when some of the off-diagonal blocks are zero, we
may compute some of the z; in parallel also. For example, if we were to ac-
tually take the structure in the form of (15), z7 and zg could be computed
completely in parallel, as could the pairs zs,z7 and zp, ze.

However, it must be emphasized that the real benefit from the equation
solving approach is not so much the parallelism as the partitioning into
smaller subproblems (19). Generally speaking, we expect the solution of the
subproblems by iterative methods to take fewer iterations individually than
is required for the huge matrix A, leading to less arithmetic—especially since
the off-diagonal matrix-vector products (A4;;z;, etc.) need be performed only
once, rather than at every iteration. The other payoff, perhaps the payoff,
is in reduced I/0O.

The enormous size of A makes it impractical to solve in main memory on
standard work stations. Therefore the matrix (and perhaps even the vectors
m(k)) must be buffered into memory. For power iterations, the entire matrix
A must be buffered every iteration, and we have seen that convergence of
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Strong Component Size | Number of This Size
8,188,380 1
108,131 1
30,000 - 40,000 7
20,000 - 29,000 34
10,000 - 19,999 68
1,000 - 9,999 808
2 - 1,000 221,149
1 4,771,701
Table 1.

Size and Number of Strong Components

this method is at best inferior to Gauss-Seidel. When we solve the sequence
of sets of equations (19) we expect the largest of the subproblems to be of
the order of the SCC, and many of the A;; matrices may now be able to
fit in memory. To illustrate this, we show in Table 1 the size of the strong
components for the web graph of an experimental (and incomplete) crawl of
the IBM intranet, with 20,813,497 pages and 333,203,246 links. We see that
there is a rapid drop-off in size from the largest SCC of about 8 million pages
to the next largest of about 100,000 and then many much smaller compo-
nents. This indicates that our suggested strategy of aggregating adjacent
components (i.e. diagonal blocks in (16)) can be expected to successfully
produce many A;; submatrices which fit in main memory—perhaps for all
but the largest SCC. In this situation the total amount of buffering (I/0O)
required is considerably reduced, which should have even more impact on
elapsed solution time than the reduced amount of arithmetic; an important
consideration if we wish to keep our PageRank data as current as possible
for a rapidly expanding web.

6 Conclusion

We have studied web-scale computation of the PageRank static ranking
function, incorporating both algorithmic techniques drawn from numerical
analysis, and particular structure in the problem instance drawn from web
characterization. Algorithmically, we approach the problem using equation
solving rather than eigensystem techniques. This approach yields significant
performance improvements over power iteration. Further, it allows exploita-
tion of the well-known “bow tie” characterization of the web to partition

20



the problem into independent subproblems. Finally, our own characteriza-
tion of the expansion properties of the graph as a whole versus the graph of
inter-site connectivity explains the poor performance of power iteration, and
suggests a new direction for further work. Namely, in exploiting the con-
vergence properties of the expander graph that links sites together, while
developing specialized technques to deal with individual site subgraphs of
small eigenvalue gap.

At present our experiments are limited to a (by no means trivial) Web-
Base [15] subgraph of the net and the IBM intranet. We await the results
of larger crawls being carried out by or colleagues to test the methods we
have discussed here on a full web scale.
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