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1. Introduction

In this paper we consider the problem of a re-seller who buys bandwidth in bulk and sells
it in smaller bundles to customers who may buy a certain amount of bandwidth at a price
we wish to determine. The reseller must not only choose prices which will attract customers,
but also make sure that these customers do not collectively exceed the bandwidth available.
Since the behaviour of the end users is neither deterministic nor under the re-sellers control,
we shall take this to mean that given the distribution of individual customer bandwidth
consumption, the total available shall not be exceeded with some (high) probability at any
time ¢ within the planning horizon. This is accomplished by means of “chance-constraining”
(see, e.g. [1],[5]) total bandwidth consumption.

Other models for network and bandwidth management using a chance- constrained ap-
proach have been discussed by Hui[2] and Medova[4]. However our emphasis is on obtaining
an analytical (nonlinear) deterministic equivalent of the chance constraints, in terms of the
parameters of the distributions involved, in such a way that price-demand curve data can be
plugged directly into the model and used to optimize revenue subject to these constraints
over some time horizon.

2. The fundamental approach

Let us begin by considering only one class of customer. For any fixed time ¢, let

Yi=X1+Xo+ -+ Xng

and assume that the X;’s are i.i.d. normal distributed with mean g and variance o, which
represent the real usage of N(t) signed-on customers. Let us further assume that customers
arrival is described by a Poisson distribution with A = A(t), independent of X, representing
the arrival rate of customers. Then:

()\t)ke—kt

P(N(t) = k) =

The parameter A will be dependent on the price set, as we shall discuss below.

In order to derive any reasonable pricing policy related to revenue and performance, we
must find a way of specifying that the customers collective bandwidth consumption does
not exceed that available. We do this by formulating a “chance constraint”:

P(Y; > by) < &, (1)

for functions b; and §; representing bandwidth sold and a tolerance on capacity violation.
We now examine methods for expressing this constraint in a computationally tractable way.
Consider the following moment generating function for Y;:

%, (Y2) = E[e™"]



where 7 > 0 is any positive real number so that the above form converges. By the well-known
property of the conditional expectation, we have

E[e™] = E[E[N()]),
= Y ElerZrt+XIIP(N(t) = k).
k=0

Recall that the moment generating function of a normal distribution with mean p and
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variance o is e"** 2 . Note also that if X; and X, are independent, then 9,(X; + X;) =
¥ (X;)¥r(X;), hence

00 k_—X
E[erYt] _ Z ()‘t) '6 tekry+kro'2/2
= k!
— io: B ery+ro'2/2)k
k=0

= e exp()\te(r“+’ i /2))

the last equation is by the Taylor expansion of e* for |z| < 1. Here » < A such that
Mtexp(ru +r20?/2) < 1. Therefore,

De(Y2) = exp(M(e™+ /2~ 1)) Vr| < A, (2)

Therefore, for any b; > 0,7 > 0, we have

P(Y; > b)) = P(exp(rY:) > exp(rbd))
Ele
< % (VO < r < A)

= exp(At(e™t /2 1) —rb) VO <7 < A4,

le.

P(Y; > b)) < 0<1n£ exp(At(e rutetr?[2 1) — rby).

Solving the right side of the inequality, we have
exp(Mt(exp(rop + a?r2/2) — 1) — robs) = 0<iIrl£A exp(M(exp(ru 4+ 0?r?/2) — 1) — rby),
where 7rq is the solution of
M(p + o?r/2)(exp(ru + or?/2) — 1) = b;.

Le.,

(n+ o%r/2)(exp(ru + o /2) — 1) = by/At.



An alternative and simpler method of bounding P(Y; > b;) is as follows. By definition

thus,
E[Y2] = Mo? 4 Mtu? 4+ (0t)?u?

hence,

ElY?]  Mo? 4 xp? + (At)2p?

P(Y; > b;) < =
(t> t)_ bt2 bt2

Note that a constant A can be replaced by some function, say A(gq), assuming a Poisson
distribution with A(t) expected arrivals on [0,¢]. We shall use this below, when ¢ is the
price and A(q) is a function of that price.

3. Fixed duration of contracts

So far we have not considered the length of a customer contract. Let us suppose that
for the single type of customer we are (so far) considering the fixed contract length is D.
We also suppose that at time t = 0 we have ng initial customers of this type, and that at
time t < D there are n; of these remaining. In this case the generating function becomes:

=Y Elexp(r(X1 + - + Xian,))|P(N () = k). (3)
which by the same arguments as above leads to:
o(Yy) = et 12) ey (A (™12 1)) V| < A. (4)

Then for t < D

8¢, (Y,
myy = T )
= Atp? 4 (ng + Ao 4 (ng + At)Pu? (6)

hence for ¢, < D

E[Yf] )\t,u2 + (ne + )\t)a2 + (ne + )\t)2,u2

P(Yt > bt) < b2 = b2 (7)
t t

For the case when t > D we need only consider arrivals since time ¢ — D, Hence for
t > D, and appropriate 7:

$,(Yz) = exp(AD(e"#+7°° 12 1)) (8)



Thus in this case:

g
myy = 20 (9

= ADc? + ADp? + (AD)?u?. (10)
and so fort > D

ED?]::XDJW+ADu2+(XDVu2
b b}

P(Y; > b) <

Multiple types of contract

The next requirement is to generalize the model to multiple types of contracts; with

different distributions N(u;,0;) and arrival rates );, which are themselves functions of
the prices ¢; at which the contracts are offered. For the moment we ignore the contract

duration discussed in the previous section. Again assuming independence we can define

=Y1:+ - - -+ Yoz, where Y;; has the moment generating function ), for contract type ¢

at time ¢. Then,

¢T(Zt) = f[’lpr(}/;t)

Correspondingly we have:

8¢T(Zt) _ 8¢r 'Lt
or —; g’% ]t
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Now we have
oY, (Y; ¢, (Y;
Yo(Yat) = 1, % lr=0= Aiptit, % lrmo= Aet(1f + 07) + (Nitps)®
and so
6%, (Z)
2 T t
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_ Z ¢TF2 t) |r_0_|_ "ﬁa(r t) |r_0 Z ¢8(7, Jt) |r:0 (11)
i=1 4



For the simple case, when contract duration is ignored, we then have

BlZf] = ) | Nt +0f) + (Nitw)? + Xipt Y Ajujt
i=1 4

= Y at(ed + o)+ O ditp)? (12)
=1 =1
which leads us to the bound

P(Zt > bt) < Eglp\i(t)'u? + )\i(t)b(t;ﬂ + (Zgl Ai(t),ui)z (13)

Reintroducing the contract durations D; and plugging %, or ¥, into (11) for %, as
appropriate, we obtain the general form:

E[Z2] = Y [hited + (i + Ait) 0 + (nie + Mit) 4l
1|t<D;
+ 30 [MiDi(ud + D] + (Digs)?] (14)
1|t>D;

5. Discrete time periods

To render our model computationally tractable, we now use a discrete representation of
t, with time periods 7 = 1, ..., T of equal length A. Correspondingly we must define contract
duration D; as a multiple of A, i.e. D; = d;A. New customers are assumed to start their
usage at the start of each time period, hence our discrete version of (14) becomes:

E[Z?_] = Z [)\iTAlL? + (nir + )\iTA)zaf + (nir + )\ﬂ'A)%lL?}
i|lr<d;

upy [AiDi(#? +of)] + (AiDiﬂi)z} (15)
ilr>d;

Using this expression in the discrete chance constraint:
B[22] - b26, <0

we are now ready to formally specify the model.



6. The nonlinear programming model

The chance-constrained optimization model for bandwidth management is defined as
follows:

Indices
t=1,...,1 customer class, defined by a distribution N (u;,o;)
7 =1,...,7 time periods, each of length A

Data
6,  tolerance on capacity violation

C; cost per unit of buying new capacity in period 7

d;,  duration of contract (number of time periods) for customer class i
D,  actual duration of contract (d;A) for customer class i

n;r number of existing contracts of type i still active at start ofperiod 7
L;r lower bound on contract price

U, upper bound on contract price

Variables
b, the bandwidth available in period 7

ar bandwidth purchased in period 7

¢r price to new (or renewing) customers for a new standard length contract of
type i in period 7

User Supplied Functions
Ai(gir) the expected number of new customers of type i arriving in any period if the
price for a constract is set at g;r. (This reflects the elasticity of demand).

Constraints

br=br_1+ar (r=1,..,T) (16)
Li: <z <U;y (¢=1,....,I;7=1,...,T) (17)

Z {)\iTA;LZZ + (nir + )\iTA)ZU? + (nir + )\iTA)Z;Lﬂ
i|r<d;

+ ) P\iDi(#? +o)]+ (AiDi/Li)ﬂ — 6,62 <0 VT (18)
ilr>d;

Objective
Maximize Z qu')\z(%f) - ZCTG/T

2,7



7. Using the model

In formulating this model we have made a number of choices about generality, some
of which are relevant to use of the model. As with most multi-time-period optimization
models, we envisage rerunning the model as frequently as is practical to reflect new data on
hand. In particular the current number of customers of each type is constantly changing,
and if the model is not producing accurate forecasts the price-demand curve data may need
to be revised. For this reason the functions ); are assumed to be independent of 7, as we
do not expect to be able to make sufficiently accurate long term forecasts of these functions
to make them time varying, and expect frequent revision. However, the price set per time
period (g;r) is allowed to be time dependent and controllable by the bounds L;., Ujr. It is
a simple matter to modify the model to enforce a uniform price per contract type over the
model horizon. We expect the specification of good price-demand functions to be one of
the most challenging aspects of actual use of the model.

The tolerance on exceeding capacity (6.) has also been specified as time-dependent,
but it is even more trivial to make it constant. Likewise the cost (C;) of acquiring new
bandwidth for resale.

The overall model has a modest number of constraints per time period (depending on
the number of contract types I) , however the nonlinear constraint (18) is quite complex,
and it remains to be seen how available nonlinear programming solvers handle them.

8. Further research

In building this model we made several fundamental assumptions. In particular we as-
sumed that customers actual usage can be modeled by the normal distribution. Strictly
speaking we should assume some positive distribution, e.g. a gamma distribution. Compu-
tational experiments should confirm whether the normal assumption is adequate.

The other major assumption is that the customers usage pattern is independently dis-
tributed. This is clearly not absolutely true. The question is how well the model formulated
with this assumption works in practice. This too can only be determined by experiment.
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